Abstract. Using both theoretical modeling and computer simulations we study a model system for DNA interactions in the vicinity of charged membranes. We focus on the polarization of the mobile charges in the membranes due to the nearby charged rods (DNA) and the resulting screening of their fields and inter-rod interactions. We find, both within a Debye-Hückel model and in Brownian dynamics simulations, that the confinement of the mobile charges to the surface leads to a qualitative reduction in their ability to screen the charged rods to the degree that the fields and resulting interactions are not finite-ranged as in systems including a bulk salt concentration, but rather decay algebraically and the screening effect is more like an effective increase in the multipole moment of the charged rod.
neglect the possible dependence on dielectric properties of the components in the experimental systems mentioned above in order to simplify the theoretical picture. The effects of the thickness and the dielectric properties of the layers will be published elsewhere [11] .
We focus on very simple geometries in order to understand how the DNA strand and surface charges interact and screen. The geometry is that of one, infinite, salty surface decorated with either one or two DNA strands. We calculate the charge distribution around the DNA and the resulting interaction between the two strands. We calculate the interaction assuming the DNA strands are slightly raised above the surface (See Fig. 1 ).
The theory we use to obtain our analytical results is within the Debye-Hückel approximation [12] : We minimize the free energy of the system with respect to the charge densities and use the result in the Poisson equation (thus obtaining the Poisson-Boltzmann (PB) equation) which we linearize with respect to the electrostatic potential.
Solving this equation leads to the optimized self consistent charge distribution which we can insert back into the free energy in order to obtain the resulting interactions. In the next section we introduce the model and the formal results, and in the following section we apply it to find the interactions between two strands. We compare these results with new simulations of two-dimensional salt solutions and we conclude with a discussion on the limits of applicability and relevance.
Model
The free energy of a system of fixed and mobile charges includes electrostatic terms and entropic terms:
Here σ + and σ − are the number densities of the positive and negative mobile charges where the total mobile charge density is given by eσ = eσ + − eσ − , and eΣ = eΣ + − eΣ − are the fixed charge densities.
Minimizing the Grand Potential:
with respect to the mobile charge densities, σ + and σ − , yields:
Here µ + , µ − are the chemical potentials of the positive and negative charges respectively, and
is the resulting electrostatic potential. Inserting these results into the free energy we find the formal expression:
We will use this expression in the next section to calculate the interactions in this system. Note that the mobile charge density, σ, enters with an opposite sign to what one would have naively guessed to be the interaction. This is due to the fact that this term enters as an entropic contribution and therefore indicates how the entropy has been reduced (and thus the free energy increased) due to the arrangement of the mobile charges around the fixed charges.
By inserting the distributions of Eq. 4 in the Poisson equation we get the Poisson Boltzmann equation [13] :
The δ function was introduced because the charges are confined to the surface at z = 0. Linearizing this equation yields the Debye-Hückel (DH) equation [13] :
Here we have assumed that the overall fixed charge is much smaller than the mobile charge and therefore the chemical potentials for negative and positive charges are approximately equal.
Solving Eq. 8 for a given fixed charge distribution Σ(r), yields the mobile charge distribution and electrostatic potentials and fields. In our case the fixed charge is that of a uniformly charged stiff rod (model DNA). We first solve Eq. 8 for a fixed point charge Q, (i.e., Σ(r) = Qδ(ρ)δ(z)) and then, since the problem is linear, we integrate to find the corresponding solution for an infinitely long rod.
The potential that solves Eq. 8 has two contributions: a singular part,
, which solves the equation for a single point charge:
The second contribution,ψ, comes from the mobile charges on the surface and must satisfy the remaining equation:
Eq. 9 is the Laplace equation: ∇ 2 ψ = 0, with the special boundary condition at z = 0:
We solve for ψ with a family of solutions of the Laplace equation:
Using the identity
the boundary condition (Eq. 10) is easily satisfied with
, and the total electrostatic potential of the system is given by:
This potential can now be integrated over a line to give the potential of a charged rod on a salty surface:
where τ is the charge per unit length on the bare rod (in the case of DNA: τ ≃ −e/1.7Å). Within this model the resulting charge distribution on the surface is found to be:
3 Interactions
In this section we calculate the effective interactions between the components in the system. The surface charges, which distribute themselves around the fixed charges, screen to some extent their fields and thus the direct interactions.
However, the screening is not as effective as that of a threedimensional salt solution where the exponential screening leads to a finite ranged interaction. In the case of a twodimensional salt, although reduced, the fields are still long ranged. This can be seen when we take the limit of large distances from the rod and calculate the fields resulting from Eq. 13 [8] :
These effective fields are dipolar in nature rather then the usual 1/r term for a charged line. However, they are not exponentially screened.
Close to the rod is (distances < λ) the electrostatic potential is not screened and therefore is logarithmic as is the case for a bare charged rod.
Interaction between two neighboring rods
In order to calculate the interaction energy between two charged rods adsorbed on a salty surface we use Eq. 6 for the free energy of the system with the charge distribution of two rods separated by a distance D. We make use of the fact that the DH equation (Eq. 8) is linear so that we can solve for each rod separately and then superimpose the potentials and charge distributions of the combined system of both rods. In order to do this we have to modify the problem slightly so that the rods are at least slightly raised above the surface and thus do not interfere with the charge distribution around each other. For a rod raised by a small (compared with λ) distance d above the surface the amplitudes of the modes in ψ are now modified to be
ǫ(2qǫλ+1) . For rods that are close to each other (D < λ) we know that the fields will lead to a logarithmic inter-rod interaction. However, the fields farther away are more complicated and the resulting interaction is not obvious.
The interaction can be calculated numerically as a function of distance between the two rods, however, when the rods are separated by a distance D ≫ λ the potential (Eq. 13) and charge distribution, σ (Eq. 14), can be analytically approximated yielding a simple form for the interaction energy as a function of the distance D.
Once this approximation is made it can be shown that φ(x, z = 0) ∼ 1/x 2 and σ(x) ∼ 1/x 2 and the integrals in Eq. 6 are simplified to yield the interaction per unit length of the rods as a function of distance:
Here D is the inter-rod distance and d is the distance between the rods and the charged surface (Fig. 1) .
The interaction is similar to that of two rods of dipoles at a distance D apart. However, we can not say that the charge distribution is actually dipolar since the field in the perpendicular direction (E z ) behaves differently.
In general one usually expects the interaction between rods in this partially periodic system are thus given by [14] ,
and the normalized interaction, U cr (x, z), between a point charge and a rod is given by replacing τ 2 with q/L y in the above expression, q being the fractional charge of the point charge. Energy is here normalized to E 0 = e 2 /4πǫ 0 . The corresponding interaction energy between point particles in partially periodic media can be found in Ref. [15] . We further employ a short range repulsive interaction potential (in units of kcal/mol) between ions in the plane:
with ρ = 4 and ε = 0.01. 
Conclusions
We have presented both theoretical and simulation results for the interactions between charged DNA-like rods near a salty surface. We have focused on the polarization of the surface charge distribution and how it affects the fields and resulting interaction between two such rods. Our main conclusion is that when the mobile charges are confined, as is the case in our treatment, to a two-dimensional surface, they do not exponentially screen the fields, and hence the effective interaction between the rods is not finite-ranged.
Both theory and simulations show consistent power law interactions both for the force between the rods and for the force they apply to the charged surface.
Despite the fact that the limits of applicability of the theory and simulation are not the same: the theory is valid at the limit of a large number of ions, and assumes an infinite surface with just two rods, while the simulation is restricted, for the reasons mentioned in section 4, to a small number of particles and periodic boundary conditions, we still find a finite region of inter-rod distances where the two agree fairly well. This agreement indicates that although the theory is approximate it is robust non the less.
The systems we treat in this paper may seem relatively artificial because the charges are confined to the surface and there is no, or very little, residual bulk salt in the surrounding water solution. In addition, we do not take into account the effects of the non-zero thickness of lipid membranes and the relatively low (compared to the surrounding water) dielectric constant of the lipid. However, despite these limitations, we can apply these results to some experimentally investigated systems. Specifically, in the recent x-ray experiments [3] that studied DNA-Cationic lipid complexes the structures that were found were formed by layers of membranes intercalated by ordered DNA domains. Most of these experiments were performed in very low bulk salt concentration, and moreover, because the counter-ions were trapped between the membranes they were effectively restricted to two-dimensional space. This experimental limit may also be valid in biological layered structures such as the Golgi apparatus. Although the effects of dielectric discontinuities in these electrostatic systems can be nontrivial (we treat these elsewhere [11] ) they do not change the main results for distances D ≫ λ, and we do not expect the power law forces to change in this regime. 
